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Abstract
A graph is said to be determined by the adjacency (respectively, Laplacian) spectrum if there is no
other non-isomorphic graph with the same adjacency (respectively, Laplacian) spectrum. The maximum
eigenvalue of A(G) is called the index of G. The connected graphs with index less than 2 are known, and
each is determined by its adjacency spectrum. In this paper, we show that graphs of index less than 2 are
determined by their Laplacian spectrum.
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1. Introduction
Let G be a simple graph with n vertices and the adjacency matrix A(G). Let D(G) be the
diagonal matrix of vertex degrees of G. The matrix L(G) = D(G) − A(G) is called the Laplacian
matrix ofG. SinceA(G) andL(G) are real symmetric matrices, their eigenvalues are real numbers.
So we can assume that λ1  λ2  · · ·  λn and μ1  μ2  · · ·  μn are the adjacency and
the Laplacian eigenvalues of G, respectively. The multiset of eigenvalues of A(G) and L(G)
are called the adjacency spectrum and Laplacian spectrum of G, respectively. The maximum
eigenvalue of A(G) is called the index of G. Two graphs are said to be cospectral with respect
to the adjacency (respectively, Laplacian) matrix if they have the same adjacency (respectively,
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Fig. 1.
Laplacian) spectrum. A graph is said to be determined (DS for short) by its adjacency (respectively,
Laplacian) spectrum if there is no other non-isomorphic graph with the same spectrum with respect
to the adjacency (respectively, Laplacian) matrix. A tree is called starlike if it has exactly one
vertex of degree greater than 2. We will denote by S(l1, l2, . . . , ln) the unique starlike tree such
that S(l1, l2, . . . , ln) − v = Pl1∪˙Pl2 ∪˙ . . . ∪˙Pln , where Pli is the path on li vertices (i = 1, . . . , n),
and v is the vertex of degree greater than 2. A starlike tree with maximum degree 3 is called a
T -shape and is denoted by T (l1, l2, l3) (see Fig. 1). We denote the T -shape tree T (1, n − 1, 1)
by Zn for n  2. Again, we denote the graphs T (1, 2, 2), T (1, 2, 3) and T (1, 2, 4) by Ti for
i = 1, 2, 3, respectively.
Haemers and van Dam have investigated the cospectrality of graphs up to order 11 (see [2]).
They show that the adjacency matrix appears to be the worst representation in terms of producing
a large number of cospectral graphs. The Laplacian is superior in this regard and the signless
Laplacian even better. Trees are known to be a particular problem with regard to cospectrality;
in [9], Schwenk showed that nearly all trees are cospectral with another tree. In this paper we
investigate graphs of index less than 2 and we show that all these graphs are DS with respect to
the Laplacian spectrum. Since there are infinite families of cospectral graphs of index less than 2
with respect to the adjacency matrix (see [7,8]), this fact provides further evidence to show that
the use of the Laplacian matrix derivatives can reduce the problem of cospectrality between trees.
Theorem 1 [10]. The list of all connected graphs of index less than 2 includes precisely the
following graphs (see Fig. 1):
(i) Pn,Zn(n  2),
(ii) Ti for i = 1, 2, 3.
Therefore all connected graphs of index less than 2 are identified. Moreover, all of them are
known to be DS with respect to the adjacency matrix. In [2], it is shown that the disjoint union of
k disjoint paths Pn1∪˙Pn2 ∪˙ · · · ∪˙Pnk is determined by its adjacency spectrum and by its Laplacian
spectrum, where n1, n2, . . . , nk are integers not less than 2. Wang and Xu in [11], have shown
that any T -shape tree is determined by its Laplacian spectrum. Therefore any connected graph
of index less than 2 is DS with respect to the Laplacian matrix. Recently, in [7], it was proved
that Zn1∪˙Zn2 ∪˙ · · · ∪˙Znk is determined by its adjacency spectrum and by its Laplacian spectrum,
where n1, n2, . . . , nk are integers greater than 1. In this paper, we show that any graph of index
less than 2 is DS with respect to the Laplacian matrix.
2. Preliminaries
In this section, we present some facts that are needed in the next section.
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Lemma 1 ([2], Interlacing). Suppose that A is a symmetric n × n matrix with eigenvalues λ1 
λ2  · · ·  λn. Then the eigenvalues μ1  μ2  · · ·  μm of a principal submatrix of A of size
m × m satisfy λi  μi  λn−m+i for i = 1, . . . , m.
Lemma 2 [2]. Let T be a tree with n vertices and let L(T ) be its line graph. Then for i =
1, . . . , n − 1, μi(T ) = λi(L(T )) + 2.
Corollary 1. Two trees T and T ′ are cospectral with respect to the Laplacian matrix if and only
if their line graphs are cospectral with respect to the adjacency matrix.
Lemma 3 [1]. Let G be a connected graph, and let H be a proper subgraph of G. Then λ1(H) <
λ1(G).
Lemma 4 [11]. Any T -shape tree is determined by its Laplacian spectrum.
Theorem 2 [1]. Let G and H be connected graphs such that {G,H } /= {K1,3,K3}. Then G and
H are isomorphic if and only if their line graphs L(G) and L(H) are isomorphic.
A path which lies on a path between two vertices of degree greater than 2 is called an internal
path.
Lemma 5 [4]. Let G be a connected graph that is not isomorphic to Wn (see Fig. 1) and let Guv
be the graph obtained from G by subdividing the edge uv of G. If uv lies on an internal path of
G, then λ1(Guv)  λ1(G).
Lemma 6 [2]. Let G be a graph. The following can be obtained from the adjacency spectrum and
from the Laplacian spectrum:
(i) The number of vertices.
(ii) The number of edges.
The spectrum of the adjacency matrix determines:
(iii) The number of closed walks of any length.
The Laplacian spectrum determines:
(iv) The number of spanning trees,
(v) The number of components,
(vi) The sum of squares of degrees of vertices.
Let NG(H) be the number of subgraphs of a graph G which are isomorphic to H and let
NG(i) be the number of closed walks of length i of G. Let N ′H (i) be the number of closed walks
of length i of H which contain all edges and let Si(G) be the set of connected graphs H with
NG(H)N
′
H (i) /= 0. Then we have
NG(i) =
∑
H∈Si(G)
NG(H)N
′
H (i). (1)
The following useful lemma provides some formulae for calculating the number of closed
walks of small lengths.
G.R. Omidi / Linear Algebra and its Applications 429 (2008) 2724–2731 2727
Fig. 2.
Lemma 7. The following can be obtained from equation (1):
(i) NG(2) = 2m, NG(3) = 6NG(K3),
(ii) NG(4) = 2m + 4NG(P3) + 8NG(C4), NG(5) = 30NG(K3) + 10NG(C5) + 10NG(G1),
(iii) NG(7) = 126NG(K3)+84NG(G1)+14NG(G2)+14NG(G3)+14NG(G4)+28NG(G5)+
42NG(G6) + 28NG(G7) + 112NG(G8) + 70NG(C5) + 14NG(C7), (see Fig. 2).
Lemma 8 [5]. Let G be a graph with V (G) /= ∅ and E(G) /= ∅. Then (G) + 1  μmax 
max
{
du(du+mu)+dv(dv+mv)
du+dv , uv ∈ E(G)
}
where (G), μmax and mv denote the maximum vertex
degree of G, the largest Laplacian eigenvalue of G and the average of degrees of vertices adjacent
to the vertex v in G, respectively.
Lemma 9 [3]. Let G be a connected graph, v a vertex of degree at least 2, and let G(v, n) be
the graph obtained from G by appending a path with n vertices to G at v. Define ρ(G, v) =
limn−→∞ λ1(G(v, n)). If PG(λ) is the characteristic polynomial of A(G), then ρ(G, v) is the
largest root of the following equation:
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(
λ + √λ2 − 4
2
)
PG(λ) − PG−v(λ) = 0.
3. Graphs of index less than 2 are determined by their Laplacian spectrum
Using the previous facts, we show that any graph of index less than 2 is determined by its
Laplacian spectrum.
Lemma 10. Let j  2 be a natural number. Then μ1(T1) > μ1(Zj ).
Proof. Let v be a vertex of G = L(Z2). Using Lemma 9, ρ(G, v) is the largest root of the
following equation:
f (λ) =
(
λ + √λ2 − 4
2
)
PK3(λ) − (λ2 − 1) = 0.
It is easy to see that for λ > 2 we have f ′(λ) > 0. Therefore for λ > 2, f (λ) is increasing.
Since f (2.3) ≈ 1.32234 > 0, we have ρ(G, v) < 2.3. On the other hand using the computer
package newGRAPH [6], we have λ1(L(T1)) ≈ 2.302 > 2.3. Moreover, by Lemma 3, ρ(G, v) >
λ1(L(Zj )). So
λ1(L(T1)) > ρ(G, v) > λ1(L(Zj ))
Using Lemma 2, we have μ1(T1) > μ1(Zj ). 
Theorem 3. Let G be a T -shape tree and let i ∈ {1, 2, 3}. If μ1(G) = μ1(Ti), then G = Ti.
Proof. Let G = T (a, b, c), where a  b  c  1. We consider the following cases:
(i) Let i = 1. Then by Lemma 10, G can not be of type Zi . So a  b  2. If G /= T1, then T1
is a proper subgraph of G and so L(T1) is a proper subgraph of L(G). Therefore, by Lemma 3,
λ1(L(G)) > λ1(L(T1)) and so by Lemma 2, μ1(G) > μ1(T1) which is impossible.
(ii) Let i = 2. Note that μ1(T2) > μ1(T1) since L(T1) is a proper subgraph of L(T2). Hence
Lemma 10 shows thatG cannot be of typeZi . Therefore a  b  2. If c  2, thenG hasT (2, 2, 2)
as a subgraph and by Lemma 3, λ1(L(G))  λ1(L(T (2, 2, 2))) and so by Lemma 2 and new-
GRAPH, μ1(G)  μ1(T (2, 2, 2)) > μ1(T2) which is impossible. Hence c = 1. If b > 2, then
G has T2 as a proper subgraph and by Lemmas 3 and 2, μ1(G) > μ1(T2) which is impos-
sible. So b = 2 and if a > 3, then G has T2 as a proper subgraph and again by Lemmas 3
and 2, μ1(G) > μ1(T2) which is impossible. On the other hand if a = 2, then G = T1 and so
μ1(G) < μ1(T2), which is a contradiction. Therefore a = 3 and so G = T2.
(iii) Let i = 3. Since μ1(T3) > μ1(T1), Lemma 10 shows that G cannot be of type Zi . There-
fore a  b  2. If c  2, then G has T (2, 2, 2) as a subgraph and by Lemma 3, λ1(L(G)) 
λ1(L(T (2, 2, 2))) and so by Lemma 2 and newGRAPH,μ1(G)  μ1(T (2, 2, 2)) > μ1(T3)which
is impossible. Hence c = 1. Sinceμ1(G) = μ1(T3) > μ1(T2) > μ1(T1), we havea > 2. Ifa > 4,
then G has T3 as a proper subgraph and by Lemmas 3 and 2, μ1(G) > μ1(T3) which is impossible.
If a = 3, then b ∈ {2, 3}. If b = 2, then G = T2 which is impossible. If b = 3, then G = T (3, 3, 1)
and so μ1(G) > μ1(T3), which is a contradiction. Therefore a = 4. If b > 2, then G has T3 as
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a proper subgraph and by Lemmas 3 and 2, μ1(G) > μ1(T3) which is not possible. Therefore
b = 2 and so G = T3. Then G is determined by its Laplacian spectrum. 
Let G be a graph of index less than 2. Then G can be represented uniquely as a disjoint union
of the following form where ti (1  i  3) is the number of components of type Ti of G.
G = Pi1∪˙Pi2 ∪˙ · · · ∪˙Pil ∪˙Zj1∪˙Zj2 ∪˙ · · · ∪˙Zjk ∪˙t1T1∪˙t2T2∪˙t3T3.
Theorem 4. Let G = Pi1∪˙Pi2 ∪˙ · · · ∪˙Pir ∪˙Zj1∪˙Zj2 ∪˙ · · · ∪˙Zjk ∪˙t1T1∪˙t2T2∪˙t3T3 be a graph of in-
dex less than 2. Then G is determined by its spectrum with respect to the Laplacian matrix.
Proof. We give the proof by induction on the number of components of G. Each path is known
to be DS with respect to the Laplacian spectrum. So if G is a connected graph, then by Lemma
4, G is determined by its Laplacian spectrum. Now let G have ω components, ω > 1, and let
H be cospectral with G with respect to the Laplacian matrix. By Lemma 6, G and H have the
same number of components, vertices and edges. Therefore H has ω = r + k + l components,
where l = t1 + t2 + t3 and each component is a tree. Now let H = H1∪˙H2∪˙ · · · ∪˙Hω. Applying
Lemma 8, we find that 4  μmax(G)  4.8 and so H has no vertex of degree greater than 3.
By Corollary 1, L(G) and L(H) are cospectral with respect to the adjacency matrix. Let T be
a T -shape component of H . Then λ1(L(T )) is an adjacency eigenvalue of L(G). If T has T1 as
a subgraph, then by Lemmas 2, 3 and 10, λ1(L(T )) > λ1(L(Zj )) > 2 for any j > 1. Therefore
λ1(L(T )) is equal to λ1(L(Ti)) for some i ∈ {1, 2, 3} and by Lemma 2 and Theorem 3, T = Ti .
By deleting this component from G and H and using induction on the number of components
of G the proof is complete. Therefore we may suppose that all T -shape components of H are
of type Z. On the other hand by deleting one vertex of degree 3 of the line graph of any T -
shape component of G and using Lemma 1, we can see that the second largest eigenvalue of
any component of L(G) is less than 2. Hence T is of type Zj for some integer j and G has a
component Zf where λ1(L(T )) = λ1(L(Zf )). By Lemma 3 and Theorem 2, T = Zf and by
deleting this component from G and H and using induction on the number of components of G
the proof is complete. Therefore we can suppose that H does not have any T -shape component.
If H has a component with more than 2 vertices of degree 3, then H has T (1, 3, 3) or W2 as a
subgraph. Using newGRAPH, we have
λ1(L(W2)) > λ1(L(T (1, 3, 3))) > λ1(L(T3))  λ1(L(G)).
By Lemma 3, this contradicts the fact that L(H) and L(G) are cospectral with respect to the
adjacency matrix. Hence any component of H is a tree with at most 2 vertices of degree 3 and does
not have W2 as a proper subgraph. It is clear that if a component of H with 2 vertices of degree
3 is not of type Wn for some natural number n, then it has either T3 or W3 as a proper subgraph.
Since λ1(L(W3)) > λ1(L(T3))  λ1(L(G)), by Lemma 3, any component of H with 2 vertices
of degree 3 is of type Wn for some natural number n. Since L(G) and L(H) are cospectral with
respect to the adjacency matrix by Lemmas 6 and 7, they have the same number of triangles.
Hence H has ω − (k + l)/2 paths as components and (k + l)/2 components of type Wi . Using
Lemma 5, we can see that λ1(L(We)) > λ1(L(Zd)) > 2 for any natural numbers e and d greater
than 1. If l = 0, then H does not have any component of type Wn and so k = 0. Therefore each
component of G and H is path. Let Pi and Pj be the longest paths of G and H , respectively.
Hence λ1(L(G)) = λ1(L(H)) = λ1(Pi−1) = λ1(Pj−1) and by Lemma 3, we have i = j . By
deleting the component Pi from G and H and using induction on the number of components
of G the proof is complete. Hence l = t1 + t2 + t3 > 0. If G has at least one component of
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type T2, then λ1(L(T2)) is an adjacency eigenvalue of L(H). Using newGRAPH, we can see
that λ1(L(W4)) > λ1(L(T2)) > λ1(L(W5)). Hence, by Lemma 5, λ1(L(T2)) > λ1(L(Wj )) for
j  5. On the other hand by newGRAPH, we can see that λ1(L(T2)) can not be an eigenvalue of
L(Wj ) for j < 5. This contradicts the fact that λ1(L(T2)) is an adjacency eigenvalue of L(H).
Hence G does not have a component of type T2. Suppose that G has f components of type Z2.
Again by Lemma 7, we have
NL(G)(5) = 30NL(G)(K3) + 10NL(G)(C5) + 10NL(G)(G1) = 40k + 50l − 10f.
By Lemma 6, L(G) and L(H) have the same number of closed walks of length 5. Therefore
NL(H)(5) = 30NL(H)(K3) + 10NL(H)(C5) + 10NL(H)(G1) = 40k + 50l − 10f.
Again by Lemma 6, NL(G)(3) = NL(H)(3). Therefore by Lemma 7, NL(G)(K3) = NL(H)(K3)
and so NL(H)(G1) = NL(G)(G1) = k + 2l − f . On the other hand it is clear that NL(H)(G1) =
k + l. Hence f = l > 0 and so 2 is an adjacency eigenvalue of L(G) and L(H) of multiplicity l.
Without any loss of generality let Hω be a component of H such that λ1(L(H)) = λ1(L(Hω)).
Since t1+t2+t3 > 0, the graphGhas some components of typeTm whereλ1(L(G)) = λ1(L(Tm))
for an integer m ∈ {1, 3}. Since λ1(L(Hω)) = λ1(L(Tm)) > 2, Hω cannot be a path and so Hω =
Wv for some natural number v > 2.
We have the following cases:
(i) Let m = 1. Then
λ1(L(G)) = λ1(L(H)) = λ1(L(Hω)) = λ1(L(T1)).
Using newGRAPH, we conclude that Hω is of type W5 and l = k. By Lemma 6, L(G) and
L(H) have the same number of closed walks of length 7. So by Lemma 7, we have
NL(G)(G2) + NL(G)(G3) = NL(H)(G2) + NL(H)(G3).
This is impossible.
(ii) Let m = 3. Then
λ1(L(G)) = λ1(L(H)) = λ1(L(Hω)) = λ1(L(T3)).
Using newGRAPH, we have Hω = W4. It is easy to see that if 2 is an eigenvalue of L(Wi),
then i = 4. Therefore H has l components of type W4. Since μ1(T3) = μ1(W4), the graph G
has l components of type T3. By Lemma 5, it is easy to see that λ1(L(Wi)) > λ1(L(Wj )) for
i < j . Since λ1(L(H)) = λ1(L(Hω)) = λ1(L(W4)), H does not have any component of type
Wi for i < 4. Since the second largest eigenvalue of any component of L(G) is less than 2 and
λ1(L(We)) > λ1(L(Zd)) > 2 for any natural numbers e and d, H does not have any component
of type Wi for i > 4. Therefore H has l components of type W4 and all other components are
paths. Moreover G has 2l components which are T -shape trees and all other components are paths.
It is easy to see that NL(T1)(9) = 180, NL(Z5)(9) = 18 and NL(Z4)(9) = 62. Using equation (1),
we see that
NL(G)(9) = l(2NK3(9) + 2NL(Z3)(9) + NL(Z4)(9)
+NL(Z5)(9) + NL(T1)(9) + NL(T2)(9)),
and
NL(H)(9) = l(2NK3(9) + 2NL(Z3)(9) + 2NL(Z4)(9) + 4NL(Z5)(9)).
Therefore NL(G)(9) > NL(H)(9). But this is impossible. 
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